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Translational dynamics and friction in double-walled carbon nanotubes
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We report on a study of the translational sliding motion and dynamic friction in systems of
double-walled carbon nanotubes using molecular dynamics simulations combined with theoretical
analysis. The sliding motion is described by a one-dimensional analytical model which includes the
van der Waals force between the nanotubes, a dynamic friction force, and a small Langevin-type
fluctuating force. The dynamic friction force is shown to be linear in the velocity over a large
domain of initial conditions in armchair-armchair, zigzag-armchair, and zigzag-zigzag double-walled
nanotubes. Beyond this domain, evidence is obtained for nonlinear effects which increase friction.
In armchair-armchair systems, the dynamic friction is observed to be nonlinearly enhanced by the
excitation of internal modes. In the linear domain, the coefficient of proportionality between the
dynamic friction force and the velocity is shown to be given by Kirkwood’s formula in terms of the
force autocorrelation function.

PACS numbers: 68.35.Af;85.35.Kt

I. INTRODUCTION

Since the experiment of Cumings and Zettl1 showed the possibility of making nanoscale mechanical devices with
multiwalled carbon nanotubes, many papers appeared on the translational motion in these systems. Carbon nanotubes
interact by van der Waals forces which keep the nanotubes nested together. Mechanical considerations as well as
molecular dynamics simulations have been carried out in double-walled carbon nanotubes (DWNT), showing that
oscillations are possible with a frequency larger than gigahertz.2–4 These oscillations concern the one-dimensional
translational motion of the two nanotubes sliding one with respect to the other along their axes. The energy of this
one-dimensional motion can be dissipated into the many other degrees of freedom of the nanotubes, resulting in a
damping of the mechanical oscillations. This damping is caused by the dynamic friction between both nanotubes.
The dynamic friction force against sliding motion is observed to be two orders of magnitude smaller than the van
der Waals restoring force. Accordingly, the damping is achieved over long time intervals of the order of hundreds of
picoseconds or more5,6. Several recent papers have been devoted to the properties of dynamic friction in nanotubes.
The role of the commensuration in the corrugation of the force between both nanotubes has been investigated and
friction has been expected to be larger in commensurate than incommensurate systems6–8. In a recent Letter,9 it was
shown that the commensuration does not lead to significantly increased friction forces while their velocity dependence
as well as edge effects play important roles.

The purpose of the present paper is to carry out a systematic study of dynamic friction in carbon nanotubes thanks
to the statistical-mechanical method we have described in a previously published Letter.5 This method is based on
earlier work by Jarzynski,10, Berry and Robbins11 on dissipation and deterministic friction in finite systems. This
method allows us to investigate the dependence of dynamic friction on the relative position and velocity between the
nanotubes, as well as on their geometry and, in particular, their commensuration.

The Hamiltonian motion of different types of double-walled carbon nanotubes is simulated by molecular dynamics.
The dynamic friction coefficient can be computed by our statistical-mechanical method as well as by direct simulation
of the atomic motion. The comparison between the methods allows us to determine the dependence of the dynamic
friction force on the relative velocity for different types of double-walled nanotubes. Moreover, the effective potential
of the one-dimensional sliding motion is obtained as a function of temperature. Finally, the thermal fluctuations due
to the many degrees of freedom of these systems are shown to manifest themselves at long times after the damping
of the mechanical oscillations. The overall motion can be modeled by a Langevin stochastic equation describing the
nonequilibrium and equilibrium dynamics of the double-walled nanotubes.

The paper is organized as follows. In Section II, the system and its Hamiltonian is defined, the theory of dynamic
friction is discussed, and the effective Langevin equation used to model the dynamics is presented. In Section III,
the motion is studied at low velocity and analytic solutions of the equations of motion are obtained which allows us
to determine the coefficients of dynamic friction directly from the molecular dynamics simulations. This method is
applied to different types of double-walled nanotubes in Sec. IV. The dependence of dynamic friction on the relative
position and velocity is investigated in Sec. V. Section VI is devoted to the complete model including the Langevin
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DWNT N1 N2 µ (amu) `1 (Å) `2 (Å) d1 (Å) d2 (Å) δ (Å)
(4,4)@(9,9) 400 900 3323 61.5 61.3 6.07 13.22 3.58
(7,0)@(9,9) 406 900 3357 61.1 61.4 5.80 13.21 3.71
(7,0)@(16,0) 406 928 3389 61.0 61.3 5.80 13.30 3.75

TABLE I: Parameters of the armchair-armchair (4,4)@(9,9), zigzag-armchair (7,0)@(9,9), and zigzag-zigzag (7,0)@(16,0)
DWNTs: Na are the numbers of carbon atoms, µ is the relative mass, `a the lengths, da the diameters of the inner (a = 1) and
outer (a = 2) tubes, and δ = (d2 − d1)/2 the intertube distance. The lengths and diameters are measured at zero temperature
and with both nanotubes interacting.

stochastic force which is shown to dominate only at equilibrium. Conclusions are drawn in Sec. VII.

II. THEORY

A. The total Hamiltonian

The Hamiltonian of the DWNT system can be written as,

H = T (1) + T (2) + V
(1)
TB + V

(2)
TB +

N1∑
i=1

N2∑
j=1

VLJ

(
‖r(1)

i − r(2)
j ‖
)

(1)

where T (1) and T (2) are respectively the kinetic energies of the inner and outer nanotubes while V
(1)
TB and V

(2)
TB are the

Tersoff-Brenner potentials of both nanotubes. The positions and momenta of the carbon atoms of both nanotubes are
denoted by {r(a)

i }Na
i=1 and {p(a)

i }Na
i=1 with a = 1 (resp. a = 2) for the inner (resp. outer) tube. The kinetic energies are

given by T (a) = (1/2m)
∑Na

i=1(p
(a)
i )2, where m = 12 amu is the mass of a carbon atom. The intratube interactions are

described by the Brenner potential given by the set of parameters in Table III of Reference12. This set reproduces well
the G-band peak at 1600 cm−1 and the experimental radial breathing mode (RBM) frequencies. We have calculated
the RBM frequency for different nanotube diameters and obtained the following factor ωRBM = 207/d cm−1 while the
experimental value13 is ωRBM = 224/d cm−1 (d being the diameter of the nanotube in nm). The intertube potential
is modeled by the widely used 6-12 Lennard-Jones potential

VLJ(r) = 4ε

[(σ

r

)12

−
(σ

r

)6
]

(2)

with ε = 2.964 meV and σ = 3.407 Å, which was successfully used to study C60 solids14 and the sliding of nanotubes
on graphite surface15.16

There exist nanotubes of different geometries depending on the way the graphene sheet is rolled into a tube.13 These
geometries are specified by the integers (n, m) with 0 ≤ |m| ≤ n. These integers define the chiral vector na1 + ma2

giving the equator of the nanotube in terms of the lattice vectors a1 and a2 of the hexagonal lattice of graphene. The
diameter of the nanotube is given by

d =
a

π

√
n2 + m2 + n m (3)

with a ' 2.5 Å.13 The so-called armchair nanotubes correspond to the integers (n, n), the zigzag ones to (n, 0), and
the chiral nanotubes to (n, m) with n 6= m.13

We focus on three similar DWNTs of different geometries, namely, the armchair-armchair (4,4)@(9,9), the zigzag-
armchair (7,0)@(9,9), and the zigzag-zigzag (7,0)@(16,0) DWNTs. Their characteristic quantities are given in Table
I and two of them are depicted in Fig. 1.

The motion of the atoms in the system is ruled by Hamilton’s equations
dr

(a)
i

dt = + ∂H

∂p
(a)
i

dp
(a)
i

dt = − ∂H

∂r
(a)
i

(4)

with i = 1, 2, ..., Na and a = 1, 2. The motion conserves the total energy E = H, the total linear momentum, as well
as the total angular momentum. The phase-space volumes are preserved according to Liouville’s theorem.
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FIG. 1: (color online). (a) The armchair-armchair (4,4)@(9,9) and (b) the zigzag-armchair (7,0)@(9,9) DWNTs.

Hamilton’s equations are integrated by a velocity Verlet algorithm with a time step of 2 fs. The total energy was
checked to be conserved with a relative error smaller than 0.1%. The initial velocities of the atoms are distributed
according to a Maxwell-Boltzmann distribution. Since the initial configuration of the nanotubes is optimized for
zero temperature, the total kinetic energy of the initial velocities should take a value twice as large as the value
corresponding to the desired temperature. Using the molecular dynamics itself, the initial distribution of velocities
is observed to reach the Maxwell-Boltzmann temperature corresponding to the desired temperature in less than 0.5
ps. This provides a convenient method to obtain a system at the desired temperature, without using any algorithm
other than the molecular dynamics itself. Furthermore, the total linear momentum is set equal to zero as well as the
component of angular momentum along the z-axis, in order to avoid a uniform motion of the total center of mass and
a global rotation around the axis of the DWNT system.

The dynamics of a complex system such as a DWNT is characterized by different intrinsic time scales:

(1) The correlation time tC: This short time is of the order of the vibrational period of the carbon atoms around
their equilibrium positions. It can be evaluated in terms of the Debye frequency ωD as tC ' 2π/ωD, which
is of the order of 50 fs for graphite and carbon nanotubes.17 The many vibrational modes as well as their
anharmonicities contribute to a loss of statistical correlation of typical observables over the correlation time.

(2) The period of oscillations tP: This is the main time scale of the DWNT dynamics. It is of the order of 10 ps.

(3) The damping or relaxation time tR: It is the time over which the mechanical oscillations are damped. It is of
the order of 1 ns and thus a hundred times longer than the period tP.

These different characteristic times are therefore ordered as

tC � tP � tR (5)

in the DWNT systems which are studied in the present paper.

B. Effective equation for the relative motion

The description of the translational motion of the nanotubes only retains the relative position r and velocity v = ṙ
of the nanotubes. This motion concerns the centers of mass of both nanotubes:

R(a) =
1

Na

Na∑
i=1

r(a)
i (6)

with a = 1, 2. The relative position r is defined as the projection of the vector joining the two centers of mass onto
the axis e‖(t) of the DWNT total system:

r(t) ≡ e‖(t) ·
[
R(2)(t)−R(1)(t)

]
(7)

The unit vector e‖ is obtained by diagonalizing the inertia tensor

Iαβ = m
∑
a,i

(
δαβ r(a)2

i − r
(a)
iα r

(a)
iβ

)
(8)
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of the total system and selecting the eigenvector associated with its smallest eigenvalue, which defines the axis of the
DWNT. The eigenvector e‖ slightly fluctuates during the time evolution around its initial orientation.

Moreover, the relative mass of the DWNT system is defined by

1
µ
≡ 1

N1m
+

1
N2m

(9)

which is given in Table I for the systems we consider.
The relative position r(t) evolves on time scales which are longer than the Debye time scale tC ∼ 50 fs of the

intratube vibrational motion according to Eq. (5). This naturally suggests that the relative position of the nanotubes
admits a reduced description in terms of a Newtonian equation of Langevin type:

µ r̈ = Fpot + Ffrict + Ffluct (10)

The first contribution is the force due to the effective potential V (r) of the van der Waals interaction between the
two nanotubes:

Fpot = −dV (r)
dr

(11)

Since the energy of the one-dimensional sliding motion is dissipated into the other (vibrational) degrees of freedom,
there is a dynamic friction force opposed to the motion and which vanishes with the relative velocity v = ṙ. The
dynamic friction force can thus be expanded in powers of the relative velocity as

Ffrict = −γ1v − γ2|v|v − γ3v
3 + · · · (12)

where the coefficients γα characterize the dynamic friction at different orders in the velocity. According to Eq. (12),
the linear dependence on the velocity should be the major contribution to the friction force at low relative velocities
|v| � γ1/γ2,

√
γ1/γ3, ... if γ1 6= 0. The friction force would nonlinearly depend on the velocity if γ1 = 0 or if the

velocity reaches large values during the motion. Moreover, these friction coefficients may have a dependence on the
relative position γα(r). Such dependences on the relative velocity and position are suggested by the study of dynamic
friction in the context of Brownian motion, since the pioneering work by Einstein.18 In 1946, Kirkwood derived a
formula giving the friction coefficient γ1 in terms of the statistical autocorrelation function of the fluctuating force
between the two parts of the total system.19 In the sixties, Mori,20 and others developed projection-operator methods
to derive generalized Langevin equations and the Kirkwood formula. More recently, friction has been investigated
in mesoscopic environments of finite size21 as well as by molecular dynamics simulations with a finite number of
particles.22,23 Energy dissipation by friction has also been studied in time-dependent driven systems with a multiple-
time-scale approach developed by Jarzynski,10 Berry and Robbins.11 In these approaches,10,11,19–23 the relative velocity
v can be considered as a small parameter in terms of which the friction force is expanded to obtain the successive
friction coefficients γα in Eq. (12). This is justified as long as the relative velocity is smaller than the ratio of the
graphene lattice constant a ' 2.5 Å over the vibrational correlation time tC ∼ 50 fs: v < a/tC ∼ 5000 m/s, which is
well satisfied in the systems here studied.

The dependences of the friction force on velocity and position are discussed in Sec. V where we show that dynamic
friction is linear in the velocity up to a critical velocity, beyond which the nonlinear dependence on the velocity
becomes important. For a friction which is linear in the velocity, the methods10,11,18–23 of nonequilibrium statistical
mechanics lead to a generalized Langevin equation of the form

µ r̈ = −dV (r)
dr

− β

∫ t

0

dt′ C(t′) ṙ(t− t′) + Ffluct(t) (13)

with the inverse effective temperature β = 1/(kBT ). The effective temperature is defined in terms of the microcanonical
entropy S by T−1 = ∂S/∂E where E is the total internal energy. The friction kernel C(t) is the force autocorrelation
function

C(t) = 〈FLJ(t)FLJ(0)〉E,r − 〈FLJ〉2E,r (14)

where FLJ is the total Lennard-Jones force between the nanotubes and in the direction of their axis. In the projection
operator method,20–23 the force FLJ(t) is projected according to the operator which defines the reduced description
of the dynamics. The relation to the actual force available in numerical simulations has been discussed in the
literature.20–23 It is known that the time integral of the autocorrelation function of the actual force decays to zero
typically as ∫ t

0

dt′ C(t′) ' γ

β
e−γt/µ (15)
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for t � tC and where γ = γ1 is the friction coefficient.21–23 The reason is that the force is the time derivative of the
momentum. The sliding motion and its damping evolve on time scales tP and tR which are longer than the correlation
time tC according to Eq. (5). The time integral (15) reaches its maximum value γ/β giving the value of the friction
coefficient γ over a short cutoff time τ of the order of the correlation time: τ ∼ tC. The use of such a cutoff time τ
was proposed by Kirkwood19 and this procedure provides a reasonable value for the friction coefficient as confirmed
by the other methods described in the following section.

On time scales longer than the correlation time t � tC, the term with the time integral in the generalized Langevin
equation (13) tends to a friction force (12) which is linear in the velocity v = ṙ:

µ r̈ = −dV (r)
dr

− γ ṙ + Ffluct(t) (16)

The friction coefficient is given by the Kirkwood formula5,19

γ = γ1 ' β

∫ τ

0

dt C(t) (17)

in terms of the force autocorrelation function (14). This latter is calculated by statistical average over an ensemble
of trajectories for fixed relative position r between the nanotubes. This constraint is enforced by modifying the force
on all the atoms of each nanotube according to

F(a)
i → F(a)

i − 1
Na

Na∑
j=1

F(a)
j (18)

This modification has the required effect of canceling the acceleration of the centers of mass of each nanotube, while
conserving the total energy E. This method gives the dependence of the friction coefficient on position as discussed
in Sec. V where we shall see that this dependence can be neglected in a first approximation. As we have shown
elsewhere,5 the time integral of the autocorrelation function goes as the square of the temperature so that the friction
coefficient of DWNT increases linearly with temperature, γ ∼ T , according to Eq. (17). This result has recently been
confirmed.24

The last contribution Ffluct to the force in Eq. (10) is due to the thermal fluctuations caused by the vibrational
degrees of freedom of the total system. This fluctuating force becomes dominant for motions of small amplitudes near
the statistical equilibrium, as discussed in Sec. VI.

C. Effective potential between the nanotubes

In our last study,5 we approximated the total Lennard-Jones potential by a harmonic potential. This approximation
is only valid if the distance r between the centers of mass is sufficiently small. For motions of larger amplitude, the
potential becomes linear in the distance as seen in Fig. 2 where we depict the total intertube potential energy
calculated for different temperatures and DWNTs.

We see that the following potential is a very good approximation,

V (r) '
{

F
√

r2 + `2 − F
√

L2 + `2 , for |r| < L
0 , for |r| > L

(19)

where L is the length of the two nanotubes. For separations |r| smaller than the distance ` ' 0.2 − 0.3 nm, the
potential is essentially harmonic

V (r) ' k

2
r2 − F (L− `) for |r| < ` (20)

with k = F/`, which is the case for small nanotubes. If the nanotubes are long enough, typically larger than 2 nm,
the intertube potential energy grows linearly with the number of van der Waals bonds between the nanotubes. This
number is proportional to the length L−|r| of the segment where the nanotubes overlap. For large amplitude motions,
the harmonic part of the potential becomes negligible in comparison with the linear part. The dynamics is thus mainly
described by the linear part. In such circumstances, we can use the simplified V-shaped potential:

V (r) ' F |r| − FL for ` < |r| < L (21)
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F is the van der Waals restoring force which does not depend on the length of the DWNT but only on the radii of
the two interacting nanotubes.

The dependence of the van der Waals restoring force on temperature is also depicted in Fig. 2. We perform
constrained molecular dynamics simulations to calculate the average potential at non-zero temperatures and the
restoring force for a given separation between the centers of mass. Because of the thermal expansion, the radii of the
nanotubes increase as well as their radial separation, thus decreasing the total interaction energy. The interesting
result is that the van der Waals restoring force decreases linearly with temperature with a slope of 0.0706 pN/K (resp.
0.0798 pN/K) for the armchair-armchair (resp. zigzag-armchair) system, as seen in the insets of Fig. 2.
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FIG. 2: (color online). Plot of the total Lennard-Jones potential energy V = VLJ as a function of the distance r between the
centers of mass for (a) the armchair-armchair (4,4)@(9,9) and (b) the zigzag-armchair (7,0)@(9,9) DWNTs. Both double-walled
nanotubes are of length 6.1 nm. The insets depict the force versus the temperature.

III. LOW-VELOCITY MOTION

In this section, we consider the motion at low velocity starting from an initial configuration where the inner tube
is extracted from the outer tube by a separation ` < r0 < L. We here suppose that dynamic friction is linear in the
velocity while the motion is sufficiently far from equilibrium to neglect the Langevin stochastic force. The motion can
thus be obtained by solving the following Newton equation,

µ r̈ = −dV (r)
dr

− γ ṙ (22)

where V (r) is the V-shaped potential (21), γ is the friction coefficient, and µ the relative mass (9). The solution of
Eq. (22) for r > 0 is

r(t) = r(0) + v(0)
µ

γ

(
1− e−γt/µ

)
+

µF

γ2

(
1− γ

µ
t− e−γt/µ

)
(23)

v(t) = v(0) e−γt/µ − F

γ

(
1− e−γt/µ

)
(24)

The solution for r < 0 is obtained by the substitution F → −F . The calculation we describe is schematically depicted
in Fig. 3. Without damping, the position follows successive arcs of parabola connected with each other at r = 0.
The amplitude of these oscillations is progressively damped because of friction. Accordingly, the maximum extension
decreases by ∆R at each oscillation. Our goal is to calculate the damping ∆R and find a continuous function describing
the succession of parabolas.
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FIG. 3: (color online). Schematic representation of a trajectory of Eq. (22), defining the notations used in the text (solid line).
The dotted line is the approximation given by Eq. (48).

After the initial extraction of the inner tube with respect to the outer one, the motion starts from the initial
condition r(0) = r0 and v(0) = 0.

The time when the distance between the centers of mass reaches zero is denoted by t∗. This time is the root of
r(t∗) = 0 using the solution of Eq. (23) with the aforementioned initial conditions:

γ

µ
t∗ + e−γt∗/µ =

γ2r0

µF
+ 1 (25)

The implicit equation (25) can be written as

η + e−η = ξ (26)

in terms of the variables η = γt∗/µ and ξ = [γ2r0/(µF )]+1. Equation (26) admits a solution in terms of the Lambert
W function25 defined as the root of

W (z) eW (z) = z (27)

Indeed, Eq. (26) can be rewritten as

(η − ξ) eη−ξ + e−ξ = 0 (28)

and we get

W eW = −e−ξ (29)

by defining W = η − ξ. Accordingly, we find that

η = ξ + W (−e−ξ) (30)

Since the friction coefficient is small (γ < 10 amu/ps) and the relative mass is large (µ > 1000 amu), ξ → 1, we can
thus expand the Lambert function as

η =
√

2(ξ − 1) +
1
3
(ξ − 1) + O

(
(ξ − 1)3/2

)
(31)

Hence, t∗ is given by

t∗ =

√
2µr0

F
+

γr0

3F
+ O

(
γ2r

3/2
0

µ1/2F 3/2

)
(32)
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The period can thus be approximated by

P0 ' 4

(√
2µr0

F
+

γr0

3F

)
(33)

This relation contains a first-order correction in the friction with respect to the period derived by Zheng and Jiang.2,3
The maximum velocity which is reached at time t∗ is given by

vmax = v(t∗) = −

√
2Fr0

µ
+

2γ

3µ
r0 + O

(
γ2r

3/2
0

µ3/2F 1/2

)
(34)

Knowing the time t∗ when r(t∗) = 0, we can look for the solution in the region r < 0 by imposing continuity on the
position and velocity. We get

r(t) =
µF

γ2

(
2− e−γt∗/µ

)(
e−γ(t−t∗)/µ − 1

)
+

F

γ
(t− t∗) (35)

v(t) = −F

γ

(
2− e−γt∗/µ

)
e−γ(t−t∗)/µ +

F

γ
(36)

Now, the time t̃ when the velocity vanishes again is given by

t̃ = t∗ +
µ

γ
ln
(
2− e−γt∗/µ

)
(37)

Replacing the time t̃ in the equation (35) for position, we obtain the first minimum of the position after half a period
as

r(t̃) =
µF

γ2

[
−1 + e−γt∗/µ + ln

(
2− e−γt∗/µ

)]
(38)

Substituting the exact expression of t∗ and expanding for ξ → 1 finally gives

r(t̃) = −r0 +
4
3
r0

(√
2γ2r0

µF
− 2γ2r0

µF

)
+ O

(
γ3r

5/2
0

µ3/2F 3/2

)
(39)

The second term in the parentheses is much smaller than the first one since it goes as γ2/µ so that we can write

rn+1 ' −rn +
4
3
rn

√
2γ2|rn|

µF
(40)

where rn denote the extrema at each half period. The equation for the absolute value of the distances between the
centers of mass is

|rn+1| ' |rn| −
4
3
|rn|

√
2γ2|rn|

µF
(41)

hence the damping at the nth half period is given by

∆Rn ' −4
3
Rn

√
2γ2Rn

µF
(42)

with R ≡ |r|. The time for going from one extremum Rn to the next Rn+1 is approximately

∆t ' 2

√
2µRn

F
(43)

Since the damping is small in the limit µ → ∞, the period of oscillation is short with respect to the relaxation time
and we therefore obtain

dR

dt
' ∆R

∆t
' −2γ

3µ
R (44)
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quantity damping rate harmonic potential V-shaped potential

position ΓR
γ
2µ

2γ
3µ

energy ΓE
γ
µ

2γ
3µ

period ΓP 0 γ
3µ

TABLE II: Damping rates of the position, the energy, and the period of the mechanical oscillations in the harmonic and
V-shaped potentials.

hence the maximum separation between the centers of mass decays as

R(t) = R0 exp
(
−2γ

3µ
t

)
= R0 exp (−ΓRt) (45)

Since the energy at the extrema is only equal to the potential energy, we get

E(t) = E0 exp
(
−2γ

3µ
t

)
= E0 exp (−ΓEt) (46)

for the energy E = (1/2)µṙ2 + V (r) of the one-dimensional sliding motion. Finally, the period can be approximated
by

P (t) = P0 exp
(
− γ

3µ
t

)
= P0 exp (−ΓP t) (47)

where the initial period P0 is given by Eq. (33). Since we know the damping of the amplitude and the period as a
function of time one can approximate the oscillating function of time by

r(t) ' r0 cos [ω(t)t] exp (−ΓRt) (48)

where ω(t) = 2π/P (t) is the frequency defined in terms of the period (47).
For long times or short nanotubes, the dynamics is governed by the harmonic potential, in which case the period

is isochronous and the damping rates of position and energy are no longer equal but in the ratio 1 : 2 as described
in our Letter.5 The different damping rates are given in Table II. Since the motion of the DWNTs can be simulated
by molecular dynamics, the friction coefficient can be determined from the damping rates of Table II in the different
regimes.

IV. ANALYSIS OF TYPICAL SYSTEMS

In the present section, we describe the motion of the armchair-armchair and zigzag-armchair DWNTs of Table I,
as simulated by molecular dynamics. The motion is simulated for an initial extraction of 3 nm and a temperature of
300 K. First, we study the energy of the one-dimensional sliding motion which is defined as the sum of the kinetic
energies of mass centers and of the total Lennard-Jones potential. This energy differs from the total energy by the
energy of all the other degrees of freedom so that we expect energy dissipation to occur. We observe in Fig. 4 the
dissipation of the energy of the one-dimensional sliding motion from the initial energy Fr0. This dissipation results
into the damping of the amplitudes of the mechanical oscillations as shown in Fig. 5, which depicts the successive
extrema of the distance between the centers of mass as a continuous function (so that the oscillations are not visible in
this figure). The successive periods of oscillation are depicted in Fig. 6. In Figs. 4-6, the dashed lines are exponential
fits to the results of the molecular dynamics simulations.

We see that the relaxation rate changes after approximately one nanosecond when the system approaches equilibrium
and the sliding motion becomes exclusively restricted to the harmonic region of the intertube van der Waals potential.
In this small amplitude regime, the motion is isochronous as seen in Fig. 6. Simultaneously, the damping rates of
energy and position change to the new values characteristic of the harmonic potential given in Table II.

In the initial large amplitude regime, the relaxation rates are characteristic of the V-shaped potential. Indeed, we
give in Table III the relaxation rates of the fits for Figs. 4-6 and we observe that the relations ΓE = ΓR = 2ΓP are
verified as it should for a damped sliding motion in the V-shaped potential. Using Eqs. (45), (46), and (47), we find
the friction coefficients for both systems to be approximately γaa = 6.1 amu/ps for the armchair-armchair system
and γza = 5.7 amu/ps for the zigzag-armchair one. Knowing the friction coefficient, one can calculate the dynamic
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FIG. 4: (color online). Evolution of the sliding energy for (a) the armchair-armchair (4,4)@(9,9) and (b) the zigzag-armchair
(7,0)@(9,9) DWNTs.
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FIG. 5: (color online). Evolution of the distance for (a) the armchair-armchair (4,4)@(9,9) and (b) the zigzag-armchair
(7,0)@(9,9) DWNTs.
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FIG. 6: (color online). Evolution of the period for (a) the armchair-armchair (4,4)@(9,9) and (b) the zigzag-armchair (7,0)@(9,9)
DWNTs.
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DWNT ΓE(1/ns) ΓR(1/ns) ΓP (1/ns)
(4,4)@(9,9) 1.21 1.24 0.612
(7,0)@(9,9) 1.11 1.15 0.565

TABLE III: Relaxation rates of the energy, position and period in the large amplitude regime where the intertube potential is
well approximated by the V-shaped potential (21).

friction force fk = |Ffrict| = γv. During the first period, the velocity varies linearly between zero and 840 m/s for
both systems hence the maximum dynamic friction force is fk,aa = 8.50 pN (6.54 fN/atom) for the armchair-armchair
system and fk,za = 7.95 pN (6.09 fN/atom) for the zigzag-armchair one.

In the harmonic regime near equilibrium, the period of the oscillations can be directly calculated from the harmonic
oscillator frequency ω =

√
k/µ where the spring constant can be found from the potentials in Fig. 2 [see Eq. (20)]. We

find that the spring constant of the armchair-armchair system is kaa = 2.53 N/m and kza = 2.84 N/m for the zigzag-
armchair one. We thus find an equilibrium period of Paa = 9.28 ps for the armchair-armchair system and Pza = 8.80
ps for the zigzag-armchair one, in agreement with the periods observed in Fig. 6, given that the system heats up
because of energy dissipation. The temperature at the end of simulation is equal to T = T0 + Fr0/(3NkB) = 338 K
and thus higher than the initial temperature T0 = 300 K.

V. DEPENDENCE OF FRICTION ON RELATIVE POSITION AND VELOCITY

The purpose of the present section is to discuss the assumptions of the model used in Secs. III and IV that the
friction is linear in the velocity with a friction coefficient independent of the relative position between the nanotubes.
For this purpose, we investigate the dependences of friction on the relative position and velocity and set up the limits
of validity of the previous model.

A. Dependence of friction on velocity

Concerning the dependence on the relative velocity v, we have mentioned with Eq. (12) that friction could become
nonlinear in the velocity if this latter increases. Such nonlinearities can be detected numerically by considering the
dependence of the damping ∆R of the amplitude of an oscillation on the initial position r0 (see Fig. 3). In Sec. III,
we have shown that the damping of the amplitude over a half period is given by the following relation in the case of
linear friction,

∆R =
4
3

√
2

µF
γ r

3/2
0 (49)

[see Eq. (42)]. Using the same reasoning as we described in Sec. III but now for a nonlinear dependence on the
velocity, we get that the damping of the position over a half period scales as follows with the initial position r0:

|Ffrict| ∝ |v|α implies ∆R ∝ r
(α+2)/2
0 (50)

This result is obtained by supposing the friction force as a perturbation on the dissipationless motion of the conservative
one-dimensional oscillator. Neglecting the fluctuations, its energy E = (1/2)µṙ2 + V (r) decreases according to
Ė = ṙFfrict, which can be integrated over time using the dissipationless solution in the right-hand side to get Eq. (50).
Hence, the dependence of ∆R on the initial condition r0 allows us to verify the validity of the linear friction and also
provides another way of calculating the friction coefficient of the system. The maximum velocity (34) reached during
the half period is depicted as a function of the initial position r0 in Fig. 8.

We represent in Fig. 7 the damping ∆R of the amplitude of a half oscillation versus the initial separation r0 at the
temperature of 300 K for the three systems of Table I. First, we notice the damping has the dependence (49) expected
for a friction linear in the velocity up to a separation of the centers of mass, which is larger than half the lengths of the
nanotubes in all the cases and reaches up to 90% of their lengths in the zigzag-armchair and zigzag-zigzag DWNTs.
This confirms the validity of the assumption of a linear friction for low enough velocity. However, we observe a larger
dynamic friction which can be interpreted as due to nonlinear effects according to Eq. (50).

In the zigzag-armchair and zigzag-zigzag DWNTs, the deviations with respect to a friction with a linear dependence
on the velocity show up at very large extraction of the nanotubes beyond 90% of their length. At such very large
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extractions, the dynamics and the friction mainly occur at the edges of the nanotubes, which can explain that the
friction becomes nonlinear in the velocity. Similar observations and conclusions have been reported for zigzag-zigzag
and zigzag-chiral DWNTs by Tangney et al..9

In the armchair-armchair DWNTs, a further mechanism of friction appears to be present. Indeed, the validity of
the linear dependence on the velocity is observed to be limited to extraction smaller than r0 = 4 nm in the armchair-
armchair (4,4)@(9,9) DWNT, which represents only 65% of the complete extraction. Beyond, the damping becomes
larger than expected for linear friction, which indicates that a nonlinear dependence on velocity sets in. The damping
increases up to a maximum at r0 ' 5 nm corresponding to the critical velocity of 1090 m/s and decreases for larger
extractions, in a behavior typical of a resonance. This enhancement of the friction is related to fast variations of the
van der Waals restoring force on a time scale of the order of the picosecond. These excitations occur just after the
kick undergone by the system when the mean restoring force changes its sign at r = 0 during every period. The
simulations suggest that radial breathing modes or the bending modes of vibrations of the nanotubes are excited at
the kicks. These modes have periods of the order of the picosecond. The excitation of such internal modes explains
that energy dissipation is enhanced, which increases the damping ∆R of the amplitude. Such internal modes may
have a frequency varying when the inner and outer tubes telescope each other as observed in the fast variations of
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DWNT N1 N2 µ (amu) `1 (Å) `2 (Å) d1 (Å) d2 (Å) δ (Å)
(4,4)@(9,9) 400 900 3323 61.5 61.3 6.07 13.22 3.58

(5,5)@(10,10) 500 1000 4000 61.4 61.3 7.45 14.67 3.61
(6,6)@(11,11) 600 1100 4658 61.3 61.3 8.96 16.09 3.57
(7,7)@(12,12) 700 1200 5305 61.3 61.3 10.36 17.53 3.59
(8,8)@(13,13) 800 1300 5943 61.3 61.3 11.84 18.95 3.56
(9,9)@(14,14) 900 1400 6574 61.3 61.3 13.24 20.38 3.57

(10,10)@(15,15) 1000 1500 7200 61.3 61.3 14.71 21.80 3.55

TABLE IV: Parameters of the armchair-armchair DWNTs of Fig. 9: Na are the numbers of carbon atoms, µ is the relative
mass `a the lengths, da the diameters of the inner (a = 1) and outer (a = 2) tubes, and δ = (d2 − d1)/2 the intertube distance.
The lengths and diameters are measured at zero temperature and with both nanotubes interacting.

the van der Waals restoring force after each kick in the armchair-armchair DWNT.
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FIG. 9: (color online). Critical velocity as a function of the radius of the outer tube for several armchair-armchair DWNTs.
The dashed line is a fit to a power law of exponent −1.34± 0.02.

We have studied the critical velocity which marks the resonant maximum of the damping ∆R in different armchair-
armchair DWNTs (see Fig. 9 and Table. IV). First of all, the critical velocity decreases too slowly with temperature
(less than 2% of difference between 300 K and 100 K) to be directly related to the average thermal velocity of the
carbon atoms. Moreover, the critical velocity is one order of magnitude smaller than the velocity of the three phonon
modes. Our calculations gave approximately 8 km/s for the transverse acoustic mode, 11 km/s for the twisting
acoustic mode and 18 km/s for the longitudinal acoustic mode. Therefore, the sound velocities are much higher than
the possible sliding velocities. The important observation is that the critical velocity significantly decreases as the radii
of the nanotubes increase, although it does not depend on their length. The critical velocity is depicted as a function
of the radius of the outer tube in Fig. 9. The data can be fitted with a power law of exponent −1.34 ± 0.02. This
behavior is reminiscent of the dependence of the frequency ωRBM of the radial breathing modes with the nanotube
diameters although the exponent is different (see Subsec. IIA).13 This result again suggests that the mechanism
leading to the nonlinearities in the friction involves the breathing motion of the nanotubes. We notice that the initial
position r0 corresponding to the critical velocity (see Fig. 8) also decreases with the radii in the armchair-armchair
DWNTs.
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B. Dependence of friction on position

In the domain of validity of a friction linear in the velocity, we may wonder how the friction coefficient γ depends
on the relative position r separating the centers of mass of the nanotubes. With such a dependence, the friction force
would depend on both the velocity and the position as Ffrict = −γ(r)v. The low-velocity model of Sec. III does not
assume such a dependence but the Kirkwood formula (17) provides a way to determine the friction coefficient as a
function of the relative position. Indeed, the force autocorrelation function in Eq. (14) is averaged while keeping fixed
the separation r between the centers of mass. This can be carried out by constrained molecular dynamics simulations
as explained in Sec. II. The so-computed force autocorrelation function typically decays to small values over a time
of the order of the correlation time tC ∼ 50 fs. The force autocorrelation function is integrated in time up to the
cutoff time τ to give the friction coefficient according to Kirkwood’s formula (17). The cutoff time is here taken when
the time integral reaches its first maximum, which corresponds in our system to reaching the plateau value.21–23

The resulting friction coefficient is depicted as a function of the relative position in Fig. 10 for the armchair-
armchair and zigzag-armchair DWNTs. We observe that this friction coefficient does not depend much on the relative
position and its mean value is in agreement with the values of about 6 amu/ps obtained in Sec. IV by the other
method. Besides, we notice a dependence on position, in particular, for small extractions when the system moves
in the harmonic region where the van der Waals intertube force changes its sign. This important variation in the
intertube force can affect not only its mean value but also its correlation function and leads to more important friction
in this region. Moreover, we also observe that, for larger extractions, the friction coefficient is approximately constant
for the armchair-armchair system albeit it slowly decreases for the zigzag-armchair one.

Such dependences of the friction coefficient on position could be modeled as explained here above but they would
not affect the sliding motion in a very important way. The reason is that friction significantly affects the amplitudes
of the oscillations only over the relaxation time tR ∼ 1000 ps, which is much longer than the oscillation period tP ∼ 10
ps. Therefore, only a spatial average of the friction coefficient γ = 〈γ(r)〉 matters for the damping of the oscillations.
These results therefore justify the use of a friction coefficient which is independent of the position for a good first
approximation of the sliding motion.
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FIG. 10: Friction coefficient calculated by the Kirkwood formula (17) versus the position r for: (a) the armchair-armchair
(4,4)@(9,9) and (b) the zigzag-armchair (7,0)@(9,9) DWNTs.

VI. EQUILIBRIUM FLUCTUATING DYNAMICS

After the damping of the large amplitude oscillations, the dynamics reaches an equilibrium regime near the bottom
of the potential. Since total energy is conserved, energy can be transferred between the one-dimensional sliding
motion and the many other degrees of freedom. This induces thermal fluctuations which manifest themselves in the
equilibrium regime (see Fig. 11). These fluctuations are negligible during the large amplitude oscillations because
the van der Waals restoring force and the friction force dominate the force due to the fluctuations. Accordingly, the
model should be completed by adding a fluctuating force, leading to the Langevin equation (16). For the modeling
of the dynamics over time scales longer than the short correlation time tC, this fluctuating force can be taken as a
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Gaussian white noise satisfying:

〈Ffluct(t)〉 = 0 (51)
〈Ffluct(t)Ffluct(t′)〉 = 2 γ kBTδ(t− t′) (52)

in consistency with Kirkwood formula (17) for |t− t′| � tC.
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FIG. 11: Equilibrium fluctuating oscillations for (a) the armchair-armchair (4,4)@(9,9) and (b) the zigzag-armchair (7,0)@(9,9)
DWNTs.

The probability density ρ(r, v; t) to find the system in the relative position r and velocity v at time t is ruled by
the Fokker-Planck master equation associated with the Langevin stochastic equation (16):

∂ρ

∂t
= −v

∂ρ

∂r
+

∂

∂v

[
1
µ

(
dV

dr
+ γv

)
ρ

]
+

γkBT

µ2

∂2ρ

∂v2
(53)

The stationary solution of this equation is the equilibrium distribution:

ρeq(r, v) =
1
Z

exp
[
− 1

kBT

(
1
2
mv2 + V (r)

)]
(54)

Near its bottom, the potential can be approximated by the harmonic potential (20) so that the Langevin stochastic
equation takes the simpler form

µr̈ = −kr − γṙ − Ffluct(t) (55)

with the spring constant k = F/`. In this case, the variance of the position calculated from the equilibrium distribution
(54) with the potential (20) is given by26

σ2 = 〈r2〉 =
kBT

k
(56)

Hence the knowledge of the intertube interaction potential allows us to calculate the standard deviation σ and, vice
versa, the knowledge of the standard deviation should give the spring constant in the harmonic region.

In order to study the fluctuations in the equilibrium regime, we depict in Fig. 11 the relative position between the
nanotubes for the armchair-armchair and zigzag-armchair DWNTs here studied. The initial conditions are chosen such
as the distance between the centers of mass is zero and the temperature 300 K. We can calculate the spring constants of
both systems at 300 K from the potentials in Fig. 2. The spring constant is kaa = 2.53 N/m for the armchair-armchair
system and kza = 2.84 N/m for the zigzag-armchair one. Having the spring constants, one can directly calculate the
standard deviations with Eq. (55) to get σaa = 0.405 Å and σza = 0.382 Å. The molecular dynamics simulations give
the standard deviations σaa = 0.396 Å and σza = 0.360 Å, respectively. We can thus conclude that the Langevin
equation with the harmonic potential reproduces well the translational motion at equilibrium. We notice that the
motion due to the thermal fluctuations remains of very small amplitudes of less than 0.1 nm in the relative position.
Therefore, the thermal fluctuations are negligible for the large amplitude motion just after an extraction of several
nanometers.
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VII. CONCLUSIONS

In the present paper, we have studied the dynamic friction of the sliding motion between two telescoping carbon
nanotubes by molecular dynamics simulations combined with a theoretical analysis. The study has been carried
out at the ambient temperature of 300 K. For an isolated system of uncapped DWNT, the sliding motion presents
mechanical oscillations which are slowly damped because of dynamic friction. The intratube carbon-carbon interaction
is described by a Tersoff-Brenner potential and the intertube van der Waals interaction by a Lennard-Jones potential.

The sliding motion takes place in the van der Waals energy potential of the intertube interaction. For the large
nanotubes we here study, this potential has the shape of a V with a piecewise constant restoring force. In such an
anharmonic potential, the period of the oscillations depends on the initial position and we have carried out in detail
the analysis of this motion using a one-degree-of-freedom mechanical model which includes the van der Waals restoring
force, the friction force, as well as a Langevin-type fluctuating force. The model has been validated by comparison
with molecular dynamics simulations.

Dynamic friction dissipates energy from the one-dimensional sliding motion to the many other vibrational degrees
of both nanotubes. The energy dissipation drives the system toward a microcanonical thermodynamic equilibrium
where the thermal fluctuations continue to activate irregularly the one-dimensional sliding motion, as it is the case in
Brownian motion. However, these fluctuations are of very small amplitudes smaller than 0.1 nm and are negligible
during the large amplitude motion following an extraction of the inner tube out of the outer tube by several nanometers.
Dynamic friction has the effect of damping the amplitudes of the oscillations which provides a method to determine
the properties of dynamic friction.

The friction force is expected to vanish with the relative velocity of the motion of one nanotube with respect to
the other. For low enough velocity, a dependence which is linear in the velocity should dominate, but nonlinear
terms become important at higher velocity. The question of this dependence of dynamic friction on velocity has been
investigated in detail by measuring the damping of the oscillation amplitude over a half period. The larger the initial
extraction of one nanotube with respect to the other, the higher the velocity in the middle of the half period and
the higher the damping caused by dynamic friction. Thanks to this method, we have shown that the friction force
remains linear in the velocity up to critical velocities of several hundreds of meters per second.

In this linear domain, the coefficient of proportionality between the friction force and the velocity has been studied
by two methods which give consistent values. The first method is the one mentioned here above, while the second
method is based on nonequilibrium statistical mechanics.10,11,19–23,26 The theory of friction has been developed since
a pioneering work by Kirkwood19 who showed that the friction coefficient is given in terms of the time integral
of the force autocorrelation function. As described in our previous Letter,5 Kirkwood’s formula can be applied to
friction in DWNTs. This second method allows us to investigate the dependence of the friction coefficient on the
relative position of both nanotubes. It is observed that this dependence is relatively small, which justifies the use
of a constant coefficient. Both methods give consistent values for the coefficient γ of dynamic friction of about 6
amu/ps, which corresponds to a dynamic friction force fk = γv of about 6 fN/atom at the velocity of v = 840 m/s
in agreement with the upper bound estimated experimentally.1 Moreover, our methods and numerical observations
show that commensurate and incommensurate DWNTs of equal dimensions can have identical values of the friction
coefficient, confirming the results by Tangney et al..9 For the different DWNTs considered in the present paper, the
force of dynamic friction remains linear in the velocity in a significant domain of initial conditions.

Beyond the linear domain, nonlinear effects become important which increase dynamic friction and which depend
on the geometry of the DWNTs. For zigzag-armchair and zigzag-zigzag DWNTs, the domain of validity of linear
friction extends up to 90% of the complete extraction. However, for armchair-armchair DWNTs, nonlinear effects set
in at a smaller fraction of the complete extraction. This fraction decreases with the radii of the armchair-armchair
DWNTs. In the nonlinear domain, friction is enhanced because of the excitation of internal modes of the DWNT
by a possible mechanism of resonance. These nonlinear effects can be studied by the methods of dynamical systems
theory combined with nonequilibrium statistical mechanics.

The dynamics of DWNTs certainly involves other degrees of freedom than the one-dimensional translational motion
along the axis of the tubes. Indeed, molecular dynamics simulations display a rich variety of motions, such as the
rotation of one tube with respect to the other around the axis of the tubes. Dynamic friction is also associated with
this rotational motion which is important for nanobearings and we intend to report on this other friction property in
a future publication.
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